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NON-DENSENESS OF HYPERBOLICITY FOR LINEAR
ISOMORPHISMS IN BANACH SPACES
JOSE´ F. ALVES AND MAURIZIO MONGE
Abstract. We present an infinite dimensional Banach space in
which the set of hyperbolic linear isomorphisms in that space is
not dense (in the norm topology) in the set of linear isomorphisms.
1. Introduction
The goal of these note is to show that, contrarily to the finite dimen-
sional case, hyperbolicity is not necessarily dense in the space of linear
isomorphisms of an infinite dimensional Banach space.
Consider E a vector space endowed with a norm ‖ ‖. We say that
E is a Banach space if the space E with the metric induced by ‖ ‖ is
a complete metric space. We say that a linear operator T : E → E is
bounded if
(1) ‖T‖ ≡ sup
x 6=0
‖Tx‖
‖x‖
= sup
‖x‖≤1
‖Tx‖ <∞,
and define
L(E) = {A : E → E | T is linear and bounded}.
One has that L(E) is a vector space and ‖ ‖ defined as in (1) gives
a norm in L(E). Moreover, if E is a Banach space, then L(E) is a
Banach space as well. Given E a Banach space we denote by GL(E)
the set of invertible elements in L(E). Notice that as E is a Banach
space, by the Open Mapping Theorem we have A−1 ∈ GL(E) whenever
A ∈ GL(E).
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We define the spectrum of T ∈ GL(E) as
σ(T ) = {λ ∈ C : λI − T is not invertible}.
We say that A ∈ GL(E) is hyperbolic if the spectrum of A is disjoint
from the unit circle in C, and define
H(E) = {A ∈ GL(E) : A is hyperbolic}.
The dynamics of a hyperbolic linear isomorphism A : E → E is well
understood in general: there are A-invariant linear subspaces Es and
Eu of E with
(1) E = Es ⊕ Eu;
(2) Anx→ 0 as n→ +∞ for all x ∈ Es;
(3) A−nx→ 0 as n→ +∞ for all x ∈ Eu;
see e.g. [1, Corollary 4.31]. Moreover, H(E) is a dense subset ofGL(E);
see e.g. [1, Theorem 4.20]. In a finite dimensional space E we have
that H(E) is also a dense subset of GL(E); see e.g. [1, Corollary 4.31].
It is then natural to ask whether H(E) is dense or not in GL(E) when
E an infinite dimensional Banach space. In the next section we give
an example of a Banach space E where H(E) is not dense in GL(E).
2. The example
Let D be the open disk of radius 1/2 centered at the point 1 in the
complex plane C, and let S denote the boundary of D. Consider E the
space of analytic functions f : D → C which have a continuous exten-
sion to S, endowed with the supremum norm. By Morera’s Theorem,
we have that E is a Banach space. Consider A : E → E the bounded
linear isomorphism in E defined for each f ∈ E as
Af(z) = zf(z), ∀z ∈ D.
As A is a multiplication by the identity map in the domain D, we have
σ(A) = D. We are going to see that 1 ∈ σ(B) for any isomorphism
B sufficiently close to A in the natural norm of L(E). Of course, this
implies that H(E) is not dense in L(E).
Consider ε > 0 and B ∈ GL(E) with ‖A − B‖ < ε. To prove that
1 ∈ σ(B) for B close to A, it is enough to see that I−B is not surjective
for ε sufficiently small. Noticing that the constant function equal to 1
belongs to E, we shall actually prove that the equation (I − B)f = 1
has no solution f ∈ E. Notice that
(I −B)f = 1 ⇔ f −Af = 1− (A− B)f.
Assume by contradiction that there is an f ∈ E for which
(2) f −Af = 1− (A− B)f.
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Using the Maximum Modulus Principle we may write
‖f − Af‖ = sup
z∈D
|f(z)− zf(z)|
= sup
z∈S
|f(z)− zf(z)|
= sup
z∈S
|(1− z)f(z)|
=
1
2
‖f‖,
which then yields
‖(A− B)f‖ ≤ ε‖f‖ = 2ε‖f −Af‖,
and so
‖f − Af‖ ≥
1
2ε
‖(A− B)f‖.
Using (2) we obtain
1
2ε
‖(A− B)f‖ ≤ ‖f −Af‖ ≤ 1 + ‖(A− B)f‖.
Hence, for ε < 1/2 we have
‖(A− B)f‖ ≤
(
1
2ε
− 1
)−1
< 1.
This in particular gives that the function 1 − (A − B)f has no zeros
in D by Rouche´ Theorem applied to the functions 1 and (A − B)f .
Noticing that the equation (f −Af)(z) = 0 has a solution in z = 1, we
have a contradiction with (2).
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